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Abstract. Given a compact Riemannian manifold {M",g), with 
positive Yamabe quotient, not conformally difFeomorphic to the 
standard sphere, we prove a priori estimates for solutions to the 
Yamabe problem. Wo restrict ourselves to the dimensions where 
the Positive Mass Theorem is known to be true, that is, when 
n < 7. We also show that, when n > 6, the Weyl tensor has to 
vanish at a point where solutions to the Yamabe equation blow up. 
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1. Introduction 

Let (M^,g) be a compact Riemannian n-manifold, n > 3, without 
boundary. The classical Yamabe problem consists of finding a metric g, 
conformally related to g, with constant scalar curvature on M. It can be 
considered as a generalization of the classical Uniformization Theorem 
on Riemann surfaces to the setting of higher dimensional manifolds. 

In analytical terms, the problem is equivalent to show the existence 
of a positive solution u to the equation 

n — 2 n + 2 

(1.1) AaU -RnU + Ku"-2 = on M, 

^ 4(n — 1) 

where denotes the Laplace-Beltrami operator associated with the 
metric g, Rg denotes the scalar curvature of the metric g, and K is a 
constant. The linear operator Lg = Ag — j^^^^Rg is called the confor- 
mal Laplacian of the metric g. 

The solution of the Yamabe problem was an outstanding achieve- 
ment since, for the first time, it was given a very satisfactory existence 
theory to a nonlinear partial differential equation involving a critical 
exponent. After the initial paper in 1960 by Yamabe jl9j . which con- 
tained an error, contributions made by Trudinger [18j . Aubin j^, and 
finally by Schoen jl5j in 1984, solved the problem completely in the 
affirmative. 

In this paper we shall be interested in the set of solutions to the 
Yamabe problem. When the first eigenvalue of the conformal Laplacian 
Lg is negative, it is not difficult to see that the solution is unique. If 
this eigenvalue is zero, the equation becomes linear and then solutions 
are unique up to a constant. Therefore the only interesting case left is 
the positive one. 

We know that when the underlying manifold is the sphere (§",go)) 
endowed with the standard metric, M. Obata's theorem (see clas- 
sifies all solutions to the equation, and this set is noncompact in the 
topology. On the other hand, the standard sphere is the only compact 
manifold with a noncompact group of conformal diffeomorphisms, so 
one should expect different behavior in the other cases. 

In jl3j . R. Schoen proved the compactness, in the topology, of 
the set of solutions to the Yamabe equation, in the positive case, for 
every locally conformally flat manifold not conformally diffeomorphic 
to the sphere. He also suggested a strategy to prove these a priori C^'° 
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estimates in the non-locally conformally flat case, based on Pohozaev- 
type identities. In jSj, Y. Y. Li and M. Zhu followed these lines and 
proved the theorem in dimension 3, in which case standard estimates 
on the blowing up solutions are sufficient for a Pohozaev identity to be 
applied. The compactness result in dimensions 4 and 5 was obtained by 
O. Druet in (41 1^. Other compactness theorems for the Yamabe equa- 
tion, in the locally conformally flat proved in f6] for manifolds 
with boundary, and in (12; for singular solutions on the sphere. 

Our main result in this paper is the following a priori estimates 
theorem in the general case: 

Theorem 1.1. Let {M^,g) be a smooth closed Riemannian manifold 
with positive Yamabe quotient, not conformally equivalent to {S"',gQ). 
Assume n < 7. Then, for every e > 0, there exists a positive constant 
C = C{e, g) so that 

r l/C <u<C and 

for every u € U-^^^<p<n+2Mp, where < a < 1 and 

n — 2 

M„ = |n > : AaU j -R„u + Ku^ = on M}. 

" 4(n — 1) 

These estimates clearly imply the compactness of the set of solutions 
to the Yamabe equation in the topology. We restrict ourselves to 
the dimensions covered by the Positive Mass Theorem due to Schoen 
and Yau ^16) . i.e., n < 7, since the final global argument in our proof 
depends essentially on this result. Due to technical problems concerning 
singularities of minimizing hyper surf aces, the Positive Mass Theorem is 
still not known to be true for dimensions greater than 7. 

Our result will follow from a contradiction between a local restriction 
coming from a Pohozaev-type identity and a global argument provided 
by the Positive Mass Theorem. In order to accomplish that we will need 
a careful blowup analysis of solutions, part of it inspired by the work 
of C. C. Chen and C. S. Lin [3]. We introduce some new symmetry 
estimates which allow us to control how close the blowing up solutions 
get to some specific rotationally symmetric functions. These symmet- 
ric functions will be solutions to the corresponding critical {p = ^^^) 
equation in W^. Since we are also dealing with subcritical equations, 
estimates on r = — p are also given. 
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We would like to point out that the symmetry estimates (Proposition 
15.4)1 ■ when n < 5, are just as in the conformally flat case. However, when 
n > 6 we can no longer expect these same estimates to hold. This is 
because, in general, the asymptotic expansion of the Green function for 
the conformal Laplacian has additional terms (see 0). 

One important difficulty we must overcome when n > 6, pointed 
out by Schoen in |13j . is to show conformal flatness of the metric to 
a sufficiently high order at a blowup point. This is needed in order to 
apply the Positive Mass Theorem when n = 6 or 7. That is the content 
of our next theorem, where Wg denotes the Weyl tensor of the metric 
9- 

Theorem 1.2. Assume n > 6 and let Ui be a sequence of positive 
solutions to m.lp . Suppose Xi ^ x is a sequence of points such that 
Ui{xi) — > oo as i CO. Then 

Wg{x) = 0. 

In general one should expect, as indicated by Schoen in |14j . that 
at a blowup point x we must have : 

V^Wg{x) = 

for all < /c < ^^^y^ . The proof of Theorem 11.21 also relies upon the 
symmetry estimates and a Pohozaev-type identity. 

It is not difficult to check that the Theorem ll.ll implies the existence 
of a solution to the Yamabe problem. This is because solutions Ui to 
the subcritical equations, with pi — > as, i ^ oo, can be constructed 
by standard variational methods. Actually one can say more. Another 
consequence of the compactness theorem is the computation of the total 
Leray-Schauder degree of all solutions to equation Hl.l|) : 

Theorem 1.3. Let {M^,g) he a smooth closed Riemannian manifold 
with positive Yamabe quotient, not conformally equivalent to (S",(jro), 
4 < n < 7. Then, if A is sufficiently large, 

deg(F,J7A,0) = -1, 

n+2 

where F{u) = u + Lg {E{u)u^-'^), E{u) = — jjyjuLg{u)dvg and 
n^ = {ue C2'"(M) : minu > A~\\\u\\2a < A}- 

M 

This theorem follows from Theorem 11.11 and arguments given by 
Schoen in jl3j . 
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2. A Pohozaev-type identity 

In this section we will establish a Pohozaev-type identity which will 
be very useful in the subsequent blowup analysis. 

Suppose u : Bp{0) \ {0} C M*^ ^ M is a positive solution to the 
equation 

(2.1) a'\x)diju + b\x)diu + c{x)u + K{x)uP = 0, 

where p ^ —1, K and a*-' , 6*, c are continuous functions, 1 < ^, j < 
n. Here we are using the summation convention. 
Define 

(2.2) P(r,n) = 

whenever < r < /j. 

The following lemma gives the Pohozaev-type identity we are inter- 
ested in. 

Lemma 2.1. Given < s < r < p, 

f n — 2 
P{r, u) - P{s, u) = - {x^dkU H u)A{u)dx 

J S<\x\<T 2 

[ {x''dkK{x))vP+^dx 
+(^ - ^) / K{x)u^^Ux, 

P+l 2 Js<\x\<r 

where A{u) = {a^^ — 6ij)dijU + b^diU + cu. 
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Proof. Multiplying the equation (|2.H) by x^dkU, and integrating 
over the set {x : s < \x\ < r}, we obtain 

(2.3) f {x''dku){Au + A{u)+K{x)uP)dx = 0. 

J s<|x|<r 

Integration by parts gives: 
{x^ dku)diiudx = 

s<.\x\<r 

{5lduudiU + \x^dkmuf\)dx 

s<|a;|<r ^ 



+\ [ {x^ dku){xidiu) - - / {x^dku){xidiu) 

'\x\=r ^ J\x\=s 



r 



- [ {5^dkud,u - ^{d,uf)dx [ {d,uf ! {d, 

Js<\x\<r ^ ^ J\x\=r ^ J\x\=s 

+- / {x^dku){xidiu) - - / {x^dku){xidiu), 

f J\x\=r ^ J\x\=s 

and summing over i = 1, . . . , n, we obtain 
/ {x^dku)Audx = 

Js<\x\<r 



n - 2 



/ \Vu\^dx-^-[ \Vu\^+'U iV^xp 

J s<\x\<r ^ J\x\=r ^ J\x\=s 



(2.4) +./ (^f-s\ t-f. 

Also 

{x^dku)K{x)uPdx = 

s<\x\<.r 

^ ^ x''dk{uP+^)K{x)dx 



J* + 1 Js<\x\<r 



^ K{x)uP+^dx — I {x''dkK{x))uP+^dx 



P+'^Js<\x\<r P+1 

(2.5) +^ / K{x)uP+' - ^ / ^(^)^^ 



s<\x\<r 

p+1 
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On the other hand, multiplying the equation l|2.1j) by u, and once 
again integrating by parts, we get 



s<\x\<r 



(2.6) / {uA(u)+K{x)uP+^)dx+ f u^- [ u^. 

Js<\x\<r J\x\=r J\x\=s Or 

Now we substitute equalities 1)2. 4() , (|2.5|) and equality ()2.6() in equal- 
ity 1)2. 3() and the Pohozaev identity follows by rearranging terms, q.e.d. 

When u is a solution to the equation (|2.1|) in the entire ball, by 
taking the limit as s — > we get 

(2.7) P(r, u) = - [ {x^dku + '^^--^u)A{u)dx 

J\x\<r 2 

[ {x^dkK{x))uP+^dx + 

P+l J\x\<r 



f+1 2 7|^.|</ 
Integrating by parts once more, we can also get 

(2.8) P(r, u) = - [ {x^dku + '^^u){{a'^ - 6'^)dijU + Vdiu)dx 

J\x\<r 2 

+ / {^x^ dkC + c)u'^ dx — ^ I cu^da{r) 

J\x\<r ^ ^ J\x\=r 

I {x''dkK{x))vP+^dx 

P+l J\x\<r 



P + l 2 y|^,|<^ 

3. Conformal scalar curvature equation 

In this section we will introduce the partial differential equation we 
are interested in, and we shall discuss some of its properties related to 
conformal deformation of metrics. 

Let Q G M"" be an open set, and suppose g is a Riemannian metric 
in O. Suppose also / is a positive function defined in il. 

Consider a positive function u satisfying 

(3.1) AgU - c{n)RgU + Kf'^vP = in fi. 
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where c{n) = = n(n - 2), 1 < p < ^ and r = ^ - p. 

We will use the notation Rg for the scalar curvature of g. The operator 
Lg = /S.g — c{n)Rg Is callcd the conformal Laplacian of the metric g. 

When p = this partial differential equation is intimately re- 

lated to conformal geometry, particularly when one studies conformally 

related metrics with constant scalar curvature. More specifically, given 

4 

a positive solution u, the metric w^-^ g has constant scalar curvature 
equal to ^n{n — 1). 

Now let us describe an important feature of solutions to that type 
of equation. Let n be a solution to equation p.lj) and choose x ^ VL. 
Given s > 0, define the renormalized function 

2 

v{y) = sp-iM(exp ^{sy)). 

Then 

LhV + KnvP = 0, 

where f{y) = f{sy) and the components of the metric h in normal 
coordinates are given by hki{y) = gki{sy). The important point here is 
that V satisfies an equation of the same type. 

The equation is also conformally invariant in the following sense. 

4 

Suppose g = (p^-^g is a metric conformal to g. Let us recall 

(3.2) Lg{<p-^u) = 4>- — Lg{u) 
for any function u, and 

1 n+2 

(3.3) R~g = -c{n)-^(t)-—Lg{(t>). 
(See 0). 

Therefore, if u is a solution to (|3.H) . then satisfies 

Lg{<p-\) + K{4>fr^{r'uY = Q, 

which is again an equation of the same type. 

This will have very important consequences in what follows. We 
will study sequences of solutions Ui to equation (|3.1j) . When what we 
want to study is conformally invariant, we are allowed to replace Ui by 

another sequence of functions Vi = <f>~^Ui, at the same time replacing 

4 

the metric gi by gi = <j)"~'^ gi, as long as we have a uniform control on 
the conformal factors (/){. In this paper, there will be two examples of 
such a procedure. 
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First, we can suppose the metric Qi has positive scalar curvature in 
a smah ball centered at some fixed point Xi. To see this, fix cj > small 
and let (p be the first eigenfunction of Ag with respect to the Dirichlet 
condition: 

Ag0 + Ai0 = Oin B2aix) 
(/) = on dB2a{x). 

Recall that the corresponding eigenspace is one-dimensional and we 
can choose (/> > on B2(j{x). Now, since Ai ^ oo as a — > 0, we can 
choose a small enough so that 

Ag4) - c{n)Rg(i) < 

4 

in Ba{x). Defining g = (j)"-'^g, relation (|3.3|) implies > in B„{x). 
Moreover, if we take as a conformal factor the solution ijj to: 

AgV ~ c{n)Rg'ip = in Bo-{x) 
■ip = 1 on dBfj{x), 

we can also have Rg = 0. 

The second example is related to the so-called conformal normal 
coordinates. (See _7j). Given an integer N > 2, there exists a positive 
function (j) (which can be constructed explicitly), such that, setting g = 

4 

the volume element satisfies: 

det(5i,) = l + 0(r^), 

in ^-normal coordinates around x, where r = dg{x,-). This allows us 
to simplify the local asymptotic analysis. For example, in conformal 
normal coordinates around x, Rg = O(r^) and ARg{x) = — i|W^(x)p, 
where W stands for the Weyl tensor. 

4. Isolated and isolated simple blowup points 

In this section we will define isolated and isolated simple blowup 
points and we shall discuss their basic properties. The results in this 
section are well-known in the locally conformally flat setting ([Sj, |17j ) 
and in general when n = 3 (|2])- We will slightly modify their proofs in 
[9] to make them work in any dimension. 

Let C be an open set, and suppose gi is a sequence of Rie- 
mannian metrics in $7 converging, in the Cf^^ topology, to a metric g. 
Suppose also that fi is a sequence of positive functions converging 
in the Cl^^ topology to a positive function /. 
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We will consider a sequence Ui of positive functions satisfying 

(4.1) Lg^u^ + Kf-^^uf = in 1^, 

where c(n) = 4^^^, K = n{n - 2), 1 + eo < Pi < ^ for some eo > 
and Ti = ^ - Pi. 

We will sometimes omit the subscript i, for the sake of simplicity, 
and we will use the symbols c, C to denote various positive constants. 

Definition 4.1. We say that x is an isolated blowup point for 
Ui if there exists a sequence Xi S il, converging to x, so that: 

(1) Xi is a local maximum point of Ui; 

(2) Mi := Ui(xi) —>■ 00 as i ^ 00; 

(3) there exist r,C > such that 

(4.2) Ui{x) <Cdg^{x,Xi)~^ 

for every x G Br{xi) C Vt. Here Br{xi) denotes the geodesic ball of 
radius r, centered at Xi, with respect to the metric gi. 

Remark: In various parts of the text, we will identify Xi with the 
origin, that meaning we are making use of normal coordinates in a small 
ball around Xi. More precisely, we will sometimes write Ui{x) instead 
of Ui(exp^.(a;)) and |x| instead of dg^{x,Xi), and those functions will be 
defined in balls centered at 0. 

Note that the definition of isolated blowup points is invariant under 

renormalization, which was described in the last section. This follows 

2 

from the fact that, if v{y) = sPi~'^u{sy), then 

2 2 
u{x)<C\x\ Pi-^ ^ v{y) < C\y\ f^^^. 

The first result concerning isolated blowup points is the following 
Harnack inequality. 

Proposition 4.2. Suppose that Ui is a sequence of positive functions 
satisfying equation J^.i| ) and assume Xi ^x is an isolated blowup point. 
Then there exists a constant C > such that 

max Ui{x) < C min Ui{x), 

^<dg^{x,Xi)<2s ^<dg^(x,Xi)<2s 

where < s < |. 
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Proof. Let {x^, . . . , x") be normal coordinates with respect to the 
metric gi on the ball Br{xi). (See remark after Definition I4.1jl . 
Define 

2 

where \y\ < 3. 

Then, as discussed in the last section, 

where fi{y) = fi{sy) and {hi)ki{y) = {gi)ki{sy), and we also know that 

2 

Vi{y) < C\y\ f-i, 

whenever \y\ < 3. 

It follows from this last inequality that Vi is uniformly bounded in 
compact subsets of -B3(0)\{0}. The Harnack inequality for elliptic linear 
equations then implies that there exists C > such that 

max Vi{y) < C min Vi{y). 

3<lj/l<2 h<\y\<^ 

The result now follows directly. q.e.d. 

The Proposition 14.21 clearly implies the so-called spherical Harnack 
inequality for isolated blowup points. Namely, given < s < |r, there 
exists a positive constant C, not depending on s, such that 

(4.3) max Ui{x) < C min Ui{x). 

dg-{x,Xi)=s dg.{x,Xi)=s 

Define f7o(y) = (1 + |yp)^~. It is not difficult to check that 

n + 2 

AUoiy) + KUo"-^y) = 0. 

The next proposition says that, in the case of an isolated blowup 
point, the functions Ui, when renormalized, converge in the topology 
to the rotationally symmetric function Uq. 

Proposition 4.3. Let Ui be a sequence of positive functions satisfy- 
ing the equation i4.1\ ) and xi ^x he an isolated blowup point. Assume 
that Ri — > oo and ^ are given. Then pi — > and, after possibly 
passing to a subsequence, 

(4.4) \\M-'ui{M-'^y) - f/o(y)||c2(B,^(o)) < 



14 CONTENTS 

and 

Rj 

as z ^ oo. 



log Mi 

Here Mi is as in Definition \^.l\ 

Proof. Let (x^, . . . , x") be normal coordinates with respect to the 
metric gi on the ball Br{xi). (See first remark after Definition 14.1(1 . 
Define 

Vi{y) = Mr^iiMr'-^y) 

pj-i __ 
for |y| < rM- ^ . Here r is as in Definition 14.11 

Then 

where fi{y) = n{M, ^ y) and (hi) M = {gi)ki{M, ^ y). 
Note also that 

r ^;,(0) = l,Vt;,(0)=0 
(4.5) < 2_ 

1 0<Vi{y) < C\y\ P'-^ for |y| < rM- " 



2 



Claim: There exists C > such that Vi{y) < C, whenever \y\ < 
rM. 2 . 

Proof of Claim: From properties H4.5() , we get 

(4.6) v,{y) < C, 

if 1 < |y| < rM~^ . 

Now, from what was discussed in the previous section, up to a con- 
formal deformation we can suppose our metrics have zero scalar curva- 
ture in small balls. In particular their conformal Laplacians will satisfy 
the maximum principle. This implies there exists C > so that 

min Vi{y) > min Vi{y) V i, 

\y\<r \y\=r 

and < r < 1. The spherical Harnack inequality H4.3|) implies 

max Vi{y) < C min Vi{y) < C min Vi{y) 

\y\=r \y\=r \y\<r 

(4.7) < CnM = C, 

for < r < 1. This and inequality (|4.6() imply the claim. 
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Standard elliptic estimates now imply that, after passing to a sub- 
sequence, f j — > t> > in Ci^^{W^), where 

Av{y) + KvP{y) = 0,y G 

v{0) = 1, Wv{0) = 0, 

where p = limj^ooPi- Here A denotes the Euclidean Laplacian. 

A well-known theorem by Caffarelli, Gidas and Spruck |2j, states 
that we necessarily have p = and v{y) = Uo{y). 

The Proposition now follows easily. q.e.d. 

Now let us introduce the notion of an isolated simple blowup point. 
Suppose Ui is a sequence of positive functions satisfying equation 
1)4.1(1 and Xj — > x is an isolated blowup point. Define 

Ui{r) = 3-— T / Uida{r), 

where an-i denotes the area of a unit sphere in M". We are using 
g'j-normal coordinates and integrating with respect to the Euclidean 
volume form. 

Definition 4.4. We say xi is an isolated simple blowup point 

if there exists a real number < p < r such that the functions 

2 

Ui(r) = rPi^^Ui(r) 
have exactly one critical point in the interval {0,p), for i large. 

It is not difficult to see that Proposition 14.31 implies that Uj has 

exactly one critical point in the interval {0, RiUi{xi) 2 ). Moreover 
its derivative is negative right after the critical point. As a result, if the 
blowup is isolated simple, then 

Uiir) < 

for all RiM- ^ < r < p. 

Now we turn to the first estimate on isolated simple blowup points. 

Proposition 4.5. Let Ui be a sequence of positive functions satisfy- 
ing equation i4.1\ ) and Xi ^x be an isolated simple blowup point. Then 
there exists a constant C > and < pi < p such that, for each i, 

(4.9) Mm{x) <Cdg,^{x,Xif-'', 
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whenever dg^{x,Xi) < pi. Moreover, if RiM- ^ < dg^{x,Xi) < pi, 
then 

(4.10) MiUi{x)>C-^Gi[xux), 

where Gi is the Green function of Lg. with respect to the Dirichlet bound- 
ary condition on Bfj^{xi). 

Proof. We first need a slightly different estimate. 
Let 5 > 0, and define Aj = (n - 2 - - 1. 

Let us apply the ProDosition l4.3l to some Ri oo and < ej < e~^* . 
Claim 1: If 6 is sufficiently small, there exist constants < pi < p 
and C > such that 

(4.11) M^^Uiix) < Cd(x,Xi)'""+^ 

(4.12) M^'\Vui{x)\ < Cd{x,Xi)^-''+\ 

(4.13) M^'|V\i(a;)| < Cd(x,Xi)^"+^ 

for every x so that RiM- ^ < d{x, Xi) < pi. 

The proof of Claim 1 is analogous to the proof of the Lemma 3.3 in 

m- 

Remark: It is not difficult to see that the previous estimates imply 



\2-n 



(4.14) 



v^iy) < CMf ^(l + iy| 

\VvM\ <GMf-^{l + \y\y-^, 
I \V\{y)\ <GMf-^{l + \y\r^ 



for any \y\ < piM- ^ . 
Let us now estimate Tj. 
Claim 2: There exists C > such that 



n < 



CM, 



if n > 4, 



C7M,(-^+')2+°«logM,if n = 4, 



and, in particular, M-^' — > 1 as i — oo. 



4. ISOLATED AND ISOLATED SIMPLE BLOWUP POINTS 17 

Proof of Claim 2: We will apply the Pohozaev identity (|2.7)) from 
Section 2 to Ui on the ball of radius ^ : 



'\x\ 



2 



(4.15) ^ / Kf7-^-\x^d^f,)uf+^dx, 

where 

+ + |5r^5fc(|5|^)/')(x)aiU,(x) - c{n)Rg{x)u,{x) 



and recall 



^ f n-2 dui \x\ 2 , I ii^"m2n. 
P(y,n.) = ^^^^^(^n.— --1V^.| +|x|| — I )da 

+ ^—r f Kf-^^x\uf+'da. 



Pi + 1 yixi=f 

Prom Claim 1 we get 

(4.16) \P{^,u^)\<cMr^^\ 
Define 

My) = [g'^' - 6'''){M-'^y)dMVi 

+Mr— (9,/' + |5|-2afc(|5|2)/')(M- — y)9zi;, 

(4.17) -c(n)M-(P'~')i?3(Mr^y)t;,. 

The change of variables y = M^2~x, the inequalities (|4.14l) and the 
fact that the metric is euclidean up to first order in normal coordinates 
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yield 

I [ {x'^d-mUi + ^^-—^Ui)Ai{x)dx\ 

J\x\<^ ^ 



l\x\<_ 



2 



y\<!^M 



y\<^M- 



CiW,(-^+^)2+°«logM,if n = 4. 



(4.18) < < 

Therefore, from the inequahties (|4.16|) and (|4.18|) and the identity 
(n - 2)Ti 



[ Kf-^'uiixY'+^dx 

J\x\<^ 



Ti 



„ , T , Kfr-\x-^d^f.)uf+'dx 



(4.19) < <j 

Since, from the Proposition 14.31 

p,-i Ui{xY'^^dx > c> 



'\x\<R,M. 

we conclude that if we choose pi sufficiently small, then 
n - 2 



Kf-^^Ui{x)P^~^^dx 

\-\<^ 

(4.20) -/ K/p-^(x'"a™/,)nf+^dx>c>0. 

The result follows immediately from the inequalities (|4.19() . 

Claim 3: Given a small o" > 0, there exists a constant C > such 
that 

/ uf'{x)dx <CMr^. 

JB^ixi) 

Proof of Claim 3: Set Si = RiM- ^ . 
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First note that, changing variables, and then using Vi{y) < cUo{y) 
for |y| < Ri, we get 

(4.21) [ uf{x)dx = Mr^^^Mf' [ vf{y)dy<CMr^. 
J\x\<si J\y\<Ri 

On the other hand, by Claim 1, 

j uf{x)dx < CM-^'P' I 

J Si<\x\<CT J Si<.\x\<(J 

(4.22) < CM-^'P'sf < o(l)Mri. 

Claim 3 now follows from inequalities (|4.21|) and 1)4. 22() . 
Claim 4: There exists ci > such that for all < o" < cji, there 
exists a constant C = C{a) with, for every i, 

Ui{xi)ui{x) < C{a) 

if d{x, Xi) = a. 

Proof of Claim 4-' From the discussion in Section |31 if we choose 
0"! > small, we can suppose that Rg^ > 0. 
Choose < cr < o"! small and define 

Wi{x) = Ui{Xa)~''^Ui{x), 

where Xo- is chosen so that d{x„,Xi) = a. Note that 

Lg^W^+Ku^{x^^~^f^^W^^ =0. 

The Harnack inequality implies that, for every e > 0, there exists a 
constant Ce > such that 

< wi{x) < a 

if d{x,x) > e. From Claim 1 we know that Ui{x^Y'-~^ — > as i — > oo, 
and then standard elliptic theory shows that, after maybe passing to a 
subsequence, 

Wi^wm Cfg^{B„{x)), 

and w satisfies 

LgW = 0,w > 0. 

Since the blowup is isolated simple, the function Ui{r) is decreasing 

in the interval {RiAI- ^ ,p). Taking the limit, we conclude that w{r) 
is decreasing in the whole interval {0,p). 

As a consequence, w is singular at the origin. 
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It follows from the results contained in the appendix in (2j that 

(4.23) -/ A,«,< = -/ p = -f ^+om>c>0 

for each i, where > is sufficiently small. 
On the other hand, 

J Bnixi) J Bn{xi) 

(4.24) < K f u,{x,)-^fr-^uf < cui{x,)'^Mr\ 

Here we have used Claim 3. Claim 4 now follows from inequalities 
(H:^ and Km . 

Now we are ready to prove Proposition 14.51 

Suppose the inequality ()4.9|) is not true. Then there exists a se- 
quence Xj, with d{xi,Xi) < pi small, such that 

(4.25) Ui{xi)ui{xi)d{xi, Xi)"^""^ ^ oo 
as i ^ oo. 

Then, from Proposition 14.31 RiUi{xi) ~ ^ < where fj = 
d{xi,Xi). Define 

2 

My) = f-'~''Ui{fiy), \y\ < 2. 
Now it is not difficult to see that the origin is an isolated simple 
blowup point for Vi, and Claim 4 implies, together with the Harnack 
inequality, 

m?ixvi{0)vi{y) < C. 
I»/I=i 

This contradicts the limit in (|4.25jl and we finish the proof of inequality 
(ESI). 

For the proof of inequality (|4.1Ujl . recall that the Green function al- 
ways exists when pi is sufficiently small. Now observe that the inequal- 

ity holds where dg- (x, Xi) = RiM- ^ because Gi{xi,x) = 0(r^~"') and 
where dg.{x,Xi) = pi because the Green function vanishes in this case 
and we are dealing with positive functions. Since 

Lg^{Ui{Xi)Ui) < = Lgfii, 

_pj-l 

we can apply the maximum principle on the region {x : RiM- ^ < 
dg^{x,Xi) < Pi} to get the desired inequality. q.e.d. 
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Corollary 4.6. Under the hypotheses of Proposition \4-5[ after 
maybe passing to a subsequence, 

MiUi{x) ^hin Cl,{Bp,{x) \ {x}), 

where h is a positive solution to the linear equation Lg{h) = 0, with a 
nonremovable singularity at x. (Here g stands for the limit metric.) 

Proof. Observe that the function MiUi{x) satisfies 

Lg^{MiUi{x)) + KmI-p^ fr^'{x){MMx)f' = 0. 

The previous Proposition imphes MiUi{x) is uniformly bounded in com- 
pact sets contained in Bp^{x) and then standard elhptic estimates 
show that, after extracting a subsequence, MiUi{x) — > /i in Cf^^{Bp-^^{x)\ 
{x}). Since Mj oo, Lgh = 0. 

Because of inequahty (|4.1flj) . taking the hmit, one sees that h is 
singular. This finishes the proof. 

q.e.d. 



5. Symmetry estimates 

In this section we will estimate the difference between solutions to 
our equation and standard symmetric functions, which will be solutions 
to the corresponding critical equation in the Euclidean setting. 

The next lemma gives us an estimate on \vi — Uo\, depending on Mi 
and Ti = —Pi- This is the first step towards the symmetry estimates, 
not depending on Tj, we will prove later. 

Lemma 5.1. Let Ui be a sequence of positive functions satisfying 
equation \4-l\) and xi ^ x be an isolated simple blowup point. Then 
there exists 5 > such that 



max{M^ ,rj} if n = 4, 5, 



W{y)-UQ{y)\<C { 



max{ (log Mi )Mr^,ri} if n = 6, 

2(n-6) 

[ max{Mr2M. ""^ .n} if n > 7, 



for \y\ < 6M^ ^ , where n = ^ -pi. 



Proof. Set U = 5M^ ^ , and Aj = max[j^|<;^ \vi — Uo\ = Vi{yi) 
Uo{yi), for a certain \yi\ < li. 
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We observe that if there exists a constant c > such that \yi\> ck 
for every i, then inequaUty Vi < cUq automatically implies the stronger 
inequality 

\{v,-Uo){y)\<CM-^, 

since 

A* = \vi - Uo\{yi) < < C/^" < CMr^ 

So for large i we will have \yi\ < ^. We are using that Mj^ — > 1 as 
i oo. 
Define 

Wi{y)=Ar\vi{y)-Uo{y)). 

Then Wi satisfies 

Lh^Wi + biWi = Qiiy), 

where 

b,iy)=Kfr^ j^iy), 

Vi — Uo 

and 

(5.1) Q,{y) = Ar'{c{n)Mr^''^-'^Rg^{M;'^y)Uo{y) 

+Mr(^+^)^o([yr)|y|(i + |y|2)-f + _ ^--c/,^-)}, 

where fi{y) = hiuf-^y), {h,)ki{y) = {g^)ki{Mf-^ y) and 0{\y\^) 
comes from the expansion of the volume element in conformal normal 
coordinates and N is as big as we want. 

Since the blowup is isolated simple, from inequality Vi < cUq, it is 
easy to check, for example, 

(5.2) bi{y) < c(l + |y|)-3 
for |y| < li. 

We will choose 6 small enough to guarantee the existence of the 
Green's function for the conformal Laplacian on a ball of radius 6 , with 
respect to a Dirichlet boundary condition. 

The Green's representation formula gives 
(5.3) 



Wi{y)= I Gixiy,r])ibi{i])wi{i]) - Qi{r]))dr] - -—^{y,r])wi{rj)ds 
JBi JdBi (J^ 

where Bi stands for Bi-{0) and Gi^L is the Green function of L^. in Bi. 
We will need the following lemma proved in [3]: 
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Lemma 5.2. Suppose w is a solution to the equation 



4 



(5.4) Au; + n(n + 2)C/o"-'u; = in M". 

// lim|y[_^oo uj{y) = 0, then there exist constants cq, ci, . . . , c„ such that 

w{y)=co{^—Uo + yVUo) + Y,Cj7r- 

j=i yj 

Remark: The functions ^^^Uq + y ■ VUq and j = 1, . . . , n, are 
solutions to the equation 1)5.4(1 . 

The proof of the Lemma l5. II is by contradiction. Set 



(5.5) t. 



( Mr"^ if n = 4,5, 

(log Mi)Mr2 if n = 6, 

2(n-6) 

Mr'^M, if n > 7. 



If the proposition is false, we necessarily have 

max{tj,ri} 

as i ^ oo, which implies that 

Ariti^O, AriTi^O. 

Since i? = O(r^) in conformal normal coordinates, we can get the 
following estimate: 

my)\ < cAri{Mr^|y|2(l + |y|)2-« 

+ M7^''-''^'^0i\yn\y\{l + \y\r"- 

(5.6) + ni\logUo\ + \logfi\){l + \y\r^'^}. 

Using the estimates ()5.2j) and (|5.6|1 . we get from the Green's repre- 
sentation formula ()5.3|) that Wi is bounded in C^^^, and 

(5.7) \wi{y)\<c[{l + \y\)-' + cA-Hi] 



for |y| < ^M- ^ . We are using that \wi{y)\ < CA- ^M- ^ when \y\ 

pj-l 

|M. 2 , and also that \Gi^L{y,v)\ < C\y - r]\'^-'^ for \y\ < |. 
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Then, by standard elliptic estimates, there exists a subsequence, also 
denoted Wi, converging to w satisfying 

I Aw + n{n + 2)U^ iy)w = inR'^, 
\ \wiy)\ < 41 + \y\)-\ 

So, the Lemma 15.21 implies that 

wiy) = co{^—Uo + y -VUo) + 

j=i 

The conditions w{0) = ^(0) = show that cj = for every j, in other 
words, w{y) = 0. From here we conclude that ^ oo as i — > oo. 

This contradicts the estimate (|5.7|) since Wi (yi) = 1 and A^Hi 0, 
and this finishes the proof. q.e.d. 

In the next lemma, we estimate Tj. This result and the Lemma l5. II 
give us an estimate on \vi — Uo\ independent of r,. 

Lemma 5.3. Under the same hypotheses in Lemma \5 . 1\. 

' Mr^ if n = 4,5, 



n<C( 



(log Mi)M-" if n = 6, 

2(n-6) 

Mr^M, "-^ if n>7. 



Proof. The proof will be again by contradiction and recall the 
definition 1)5. 5|) . If the lemma is not true, then Lemma l5 . II implies that 

\vi{y)-Uo{y)\<Cn. 

Define 

Wi{y) = r~^{vi - Uo){y), 
so Wi is uniformly bounded. The equation satisfied by Wi is 

Lh.Wi + biWi = Qi{y), 

where 

Hy) = Kfr^--^{y) 
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and 

Qi{y) = Tr^{cin)Mr^''^-'^Rg^{Mr'^y)Uo{y) 

n+2 

(5.8) + Kiur'-irK)}. 

If the lemma is not true, then T^~^ij as z —> oo. 
We have 



\2-n 



(5.9) + r,(|logf/o| + |log/i|)(l + |y|)-"-2}. 

By elliptic linear theory we can suppose Wi ^ w in compact subsets. 

2 



If V(2/) = ^Uoiy) + y ■ VUoiy), then, 



/ ^ ^{y)T-\Mr-^\y\\l + \y\f-- 
Ay\<i 



(5.10) +M, ('+^^""o(|j/r)|2/|(l + |y|2)-§) ^ 0. 

Note that when i — > oo we have: 

n+2 n+2 

r-iK(C/o"-^ -/;-^^t/o^0 ^i(:(logC/o(y) + log/(x))C/o"-^ 



pointwise. It is not difficult to check that 

n+2 

Therefore we can conclude 



/ 



n + 2 

hm / ^{y)Qi{y)dy = n(n - 2) / i^{y){\og Uo{y))U^~'' {y)dy. 



On the other hand, integration by parts shows that 



/ 

J\y 



, '^{y)Qi{y)dy = / , tp{y){LhiWi + biWi)dy 
<4 Ay\<'i 



/f dw-i dtp 

, iLhi4>{y) + bi4>)widy + / , {ip^ - Wi—)da. 
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The integral on the boundary goes to zero when i ^ oo because 

Itpi = 0(r2-"), = 0(ri-") 

Taking the hmit when z — > oo, we would have 



i— >oo 



lim / ^ ^{y)Q,{y)dy= / (A^iy) + n{n + 2)u/-' ^)wdy = 
\y\<4 



4 

because Aip{y) + n(n + 2)U^~^'il; = 0. 
This is a contradiction because 



n+2 

rn-2 , 



(5.12) n(n - 2) / V(2/)(log ?7o(y))C/o""' (2/)'^^ > 0. 

To see this, first note that 

n - 2 1 - r2 



V'(2/) 



2 (l + r2 
Observe that 



n + 2 
n-2 , 



V'(y)(logC/o(y))t/o"-'(y)dy = 
(5.13) -^—-^an-i / 7r^:2^;;TT^""' log(l + ^')^^' 



4 7o (l + r2)"+i 

and after changing variables r = s~^, we get 

' „n-li„„/i I „2^ j„ _ o / ^ ' „n-l 



r" ^ log(l + r'')dr = 2 / r" ^ log rdr. 



/o (l+r2)"+l ' / (l+r2)n+l 

Now inequality ()5.12|1 follows immediately, and that finishes the proof 
of the lemma. q.e.d. 

The Lemmas 15. II and 15.31 together imply our symmetry estimate: 

Proposition 5.4. Let m he a sequence of positive functions satisfy- 
ing equation \4--l\) and Xi be an isolated simple blowup point. Then 
there exists 5 > such that 



(5.14) \viiy)-Uoiy)\<C { 



Pi-i 

for \y\ < 6M. ^ 



Mr^ if n = 4 or 5, 

(logMi)M-2 if n = 6, 

2(n-6) 

Mr^M, if n > 7 
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When n > 6, by applying the same technique we can also get: 

Proposition 5.5. Let Ui be a sequence of positive functions satisfy- 
ing equation \4-l\ ) o-^d xi he an isolated simple blowup point. Then 



(5.15) \vi{y) - Uo{y)\ < C { 

Proof. Set 

(5.16) A, = 
and define 



MrHl/-^ {1 + \y\)-^ ifn = 6 

2(n-6) 

^ M-^M. (1 + |2/|)6-" if n > 7. 



M-^M."-' if n = 6 

2(n-6) 

Mr^M. if n > 7, 



Wi{y) = A^ Hvi-Uo){y) 



for \y\ < SM- ^ . Then our previous proposition implies Wi is uniformly 
bounded. The equation satisfied is 

Lh.Wi + biWi = Qi{y), 

where 



and 



Hy) = Kfr^—-^{y) 



Q,{y) = A-\c{n)M^ Rg{M^ '''\)Uo{y) 



(5.17) +M-^'''^^ ^ 0{\y\'')\y\{l + \y\'r'^ +K{Ur' - frUt)}- 
Then 

\Qiiy)\ < cAri{Mr^|y|2(i + |y|)2-" 

+ M-(^+^)^o(|yr)M(i + M2)"t 

(5.18) + ri(|log[/o| + |log/i|)(l + [yr"-2}. 

The Green's representation formula says that 
(5.19) 

Wi{y)=l Gi^Liy,v){bi{r])wi{r]) - Qi{'n))dri - -^^{y,r])wi{r])ds, 
where Bi stands for Bi-{0) and Gi^L is the Green function of L/^. in Bi. 
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Since |G'j,L(y, r/)| < C|y - r/p for \y\ < ^, we get 
(5.20) \wiiy)\ < c{(l + l^r^ + cMr^AT^} < c(l + \y\)-\ 

If n = 6 or 7 the result follows multiplying the inequality H5.2U() by 
Ai. If n > 8 we plug the estimate H5.20p in the representation formula 
(|5.19|1 until we reach 

k.(y)|<c(l + ly|)6-. 
Multiplying by Ai we get the result. q.e.d. 

Remark 1: Once we have estimates 1)5. 14[) . ()5.15() on Vi — Uq, we 
can also get: 
(5.21) 

\V{v,-Uo){y)\<C { 

and 
(5.22) 

\V^{v,-Uo){y)\<C { 



Mr\i + \y\)-^ 



M-'Mr'{l + \y\y 



2(n-6) 



(i + |y|) 



5— n 



if n 

if 

if 



4 or 5, 
n = 6 
n > 7 



M-'Mr'{i + \y\y 



if n = 4 or 5, 



2(n-6) 



if 
if 



n = 6 
n>7. 



Remark 2: If /i is as in the Corollary 14.61 the estimates ()5.14|) and 
(|5.15() imply that: 



1 



(5.23) 



\h{x) 



< C 



if 
if 



|6— n 



n = 4,5, 
n = 6, 
if n > 7. 



Since that gives the asymptotic behavior of the Green function of the 
conformal Laplacian in conformal normal coordinates (see 0), in some 
sense our symmetry estimates cannot be improved. 

6. Local blowup analysis 

Now let us turn our attention to the applications of these symmetry 
estimates. 

In the first application, we will show that the Weyl tensor of the 
metric has to vanish at an isolated simple blowup point, when n > 6. 
This result had been proposed by R. Schoen f |14j ). This will allow us to 



6. LOCAL BLOWUP ANALYSIS 



29 



use the Positive Mass Theorem in the proof of compactness of solutions 
to the Yamabe problem, when the dimension is 6 or 7. 

Theorem 6.1. Let Ui be a sequence of positive functions satisfying 
equation \4-l^ o,nd Xi be an isolated simple blowup point. If n > 6, 
then 

Wg{x) = 0. 

Proof. We wih use the Pohozaev identity (|2.8|1 to Ui in a ball of 
radius r: 



(6.1) Pir,Ui) = 



\x\<r 2 



-c(n) / {-x^dkR + R)ufdx + c{n)- [ Rufda, 

J\x\<r 2 2 J\x\=r 



Pi + 1 2 J\x\<r 



n 



Pi + 1 J\x\< 



Kfr-^-\x'^d^f,)uf^^dx 



Using conformal normal coordinates we can get rid of the terms involv- 
ing \g\. 
Recall 

(6.2) P{r,Ui) = 

n-2 dui r 2 , 1 "9^*12 , 1 f-n p^+^^^ 

( Ui— Vtij + r — — H Kf- "-ru^ )dar- 

1^1=/ 2 dr 2' ' ' 5r ' pi + 1 ' ' 

Since we have that MjUj —> h'm. the topology on compact subsets 
of Bp{x) \ {x}), we conclude 

(6.3) M^\P{r,Ui)\<c< 00. 
The same holds for 

(6.4) Mf\ Ruf da {r)\ < c < 00. 

J\x\=T 
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The change of variables y = M- ^ x yields 



Mr) ■■= 

J\x\<r ^ 

-c{n) [ {l-x''dkR + R)ufdx} 

J\x\<r 2 

JlvKrMr^ 



'\y\<rM- 

- 5'''){Mf-^y)dkiVi + M;"^ dkg''\M-'^ y)divi) 
+c{n)Mr^'''~^\^y%R{Mr'-^y) + R{Mr'^y))v^}dy. 

Note that M^^^^""^^ ^ 1. Define 



(6.5) Mr) 

+c{n)Mr^^'-'\^y'dkR{Mr'^y)+R{Mf-^y))U^}dy. 
Then one can check 

(6.6) \Ai{r)-Mr)\ 

< cMfM'^^ [ {1^;, - C/o|(y)(l + \y\f-^ 

+W{vi - C/o)|(l + \y\f-^ + \V\v, - [/o)|(l + \y\f-''}dy. 
If n = 6, then 

\Mr)-Mr)\<cM;'^' [ P^(l + |y|)^-"(iy. 

J\y\<rM. ^ 

When n > 7, 

|A(r)-i,(r)| <cMr^M^""'^^ / ^ (1 + |y|)8-2-dy. 

J\y\<rMp^ 
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Then 



(6.7) \Mr) - Ai{r)\ < { 



C if n = 6, 7, 

C(logMi) if n = 8, 



CM. 



if 



n > 9. 



(6. 



Also observe that if we choose r sufficiently small, 
n n — 2, 



Pi + l 
n 



-) / KTxf + 'dx 

J |a;|<r 



K + 1 J\x\< 



so we obtain, from identity (|6.1|) . estimates (|6.3jl . (|6.4j) . (|6.7|1 and in- 
equality (|6.8|) that 



if n = 6, 7, 



C(logM,) if 



n 



CMr "'"-2 if n > 9. 
We will need the Taylor series, for each i, 

R{x) = P2{x) + Psix) + e{x) 

{R + h''dkR){x) = 2p2{x) + ^psix) + e'{x) 
where pi is a homogeneous polynomial of degree i and |e(x)|, |e'(x)[ < 

I l4 

ex. 



Let us denote by 

Ui{x) = M. * 



m; 



n-2 
2 



and it is not difficult to see that, changing variables, estimates on \vi 
Uo\ yield estimates on \ui — Ui\. 
Note that 



Mp / {-x'^dke + e)ujdx < < 

J\x\<r 2 



r c 



if n = 6, 7, 



C(logMi) if n = 8, 



CM. 



n > 9. 
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Then, using symmetry of Ui 



-c{n) I 2p2{x){MiUiYdx <c< 

\x\<r 



c 



if n = 6, 7, 



C {log Mi) if n = 8, 
Cm)""^^^ if n > 9. 



But, on the other hand, since Ai?(0) = -g|T^(0)|2 in conformal 
normal coordinates, we obtain 



-c{n)Mf I 2p2{x)u-dx > 

\x\<r 



C\W{xi)\^MfM. "-^(logMi) if n = 6. 



So 



C\Wixi)\'MlM. " 



if n > 7. 



And taking the hmit we are done. 



( c(logM,)-i if n = 6, 

2 

cM. if n = 7, 

cMr~ (log Mi) if n = 8, 

if n > 9. 



q.e.d. 



The next result concerns the local asymptotic analysis at a blowup 
point. It will be used together with the Positive Mass Theorem to 
exclude the possibility of blowup phenomenon on manifolds not confor- 
mally diffeomorphic to the sphere. 

Define 



(6.9) 



P'{r,v) 



\x\=r 



n — 2 dv 
ou 



\Vv\ + r\ 



, dv 



■)da{r) 



Theorem 6.2. Let Ui he a sequence of positive functions satisfying 
equation \4-l\) and Xi ^ x he an isolated simple blowup point, and 
suppose 4 < n < 7. If Ui{xi)ui — > h away from the origin, then 



liminfP'(r, /i) > 0. 
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Proof. That is another apphcation of the Pohozaev identity (|2. 7)1 and 
the symmetry estimates: 

(6.10) P{r, Ui) = - [ {x'^dmUi + "^Ui) 



\x\<r 2 
^kl xkl\a „, I a „kl ; 



+ 



- 6''')dkiUi + dkg^'diui - c{n)Rui)dx 
n n — 2, 



J |a;|<r 



Pi + l 2 



x\<r 



Pi + l 

Firstly observe that 

MfP{r,Ui) P'{r,h) 

as i ^ oo. 

Secondly, as in the previous result, if r is sufHciently small, 

"""^^ ^ Kfr^nr-^'dx 

\x\<r 



>i + 1 2 

(6.11) ^ / Kfr-^-\x^dmfi)uf^^dx>0. 

Pi + l J\x\<r 



If 



Pi + l J\x\<T 

Ai{r) := Mf{- [ {x^d^m + '^Ui){{g^' - 5^')dkm 

(6.12) +dkg^^diUi - c{n)Rui)dx} 
and 

Mr) := Mf{- [ {x^d^u, + !^n,)((/' - 5''')dkm 

J\x\<r ^ 

(6.13) +dkg''^diui - c{n)Rui)dx}, 
then one can check 

cr^ if n = 4, 5, 



\Mr)-Mr)\< 
So 

(6.14) liminfP'(r,/i) > 



cr if n = 6, 7. 



f n — 2 
c(n)Mj^ liminf / {x'^dmUi -\ Ui)Ruidx. 

J\x\<r 2 
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If n = 4 or 5, since R = 0{r'^), this automatically gives 
liminf P'ir, h) > 0. 

If n = 6 or 7, the fact that R = O(r^) tells us that we only need to 
consider the second order term in the expansion of R. We are using the 

symmetry of Ui to get rid of the third order term. 

Pi-i 

The change of variables y = M; ^ x implies that 



(6.15) M2 / (x"'dmUi + ^^T^Ui)R,abX''x%dx 
J\x\<r ^ 

= (l + o(l))M. / ^^_,(y"^dmUo + —-Uo)R,aby''y'Uody. 

J\v\<rM, ^ ^ 



J<rM^ 

But 

/ «-i {y'^dmUo + '^Uo)R,aby''y''Uody 

J\y\<rM~^ ^ 

rrM^ ^ n — 2 A /? 

= / {rdrUo + ^—UoW^^ an-idr 

Jo 2 n 

rrM, 



1 f^^i 71—2 

= -—a„_,\wm^ J {rdrUo + -^Uo)Uor-+'dr 

Pi-i 

1 , , ,,0. n-2 r^r^ r"+^ 



+ r2) 



2^n-l 



(6.16) +^ / —!—--dr). 

^ ' 2 Jo (l + r2)"-i ' 

When n = 6 and z is large, this last expression is nonnegative be- 
cause the first integral diverges while the second one is finite. If n = 7 
and i is large, again the expression is nonnegative since 

-dr. 



(6.17) / -^—--dr = ^ / - 

^ ' Jo (l + r2)"-i n-eio (1 

To see this, first observe that, if m + 1 < 2k, integration by parts 
gives 

roo ^ m- 1 t""-^ 

7o jr+w 2{k^)Jo Ji+w^ 
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Since 



one gets 



^m— 2 /"OO /"OO 



m — 1 , 
-dt = — / :r-rdt. 



2k- m- I Jo (l+f^y 

Just choose m = n + 4 and k = n + 1 to obtain (|6.17l) . 

The proof is finished by using the inequality ()6.14|1 . q.e.d. 

7. Compactness theorem 

In this section we will prove the a priori estimates for the Yamabe 
problem in the non-locally conformally flat case, for 4 < n < 7. 

The next Proposition is fundamental since it allows us to use the 
symmetry estimates we proved before. 

Proposition 7.1. Suppose the blowup isolated, 4 < n < 7. 

Then it is also isolated simple. 

The proof of this statement is just as in based on Proposition 

Once we have established Proposition 17.11 again following we 
have: 

Theorem 7.2. Suppose Ui G Mp. is a sequence satisfying max^v/ Ui — > 
oo, as i ^ oo. Then pi —>■ Moreover, after passing to a subse- 

quence, 

(1) the set S = {blowup points of Ui} is finite; 

(2) every blowup point of ui is an isolated simple blowup point. 

Now let us turn to the statement and proof of the compactness 
theorem. 

Theorem 7.3. Let (M'^,g) be a smooth closed Riemannian manifold 
with positive Yamabe quotient, not conformally equivalent to {S^,go). 
Assume 4 < n < 7. Then, for every e > 0, there exists a positive 
constant C = C{e,g) so that 

l/C <u<C and 

lkllc2.«(Af) < C 
for every u G Uj | c<p<"+^^p- 



36 CONTENTS 



Proof. Standard elliptic estimates and the Harnack inequality im- 
ply that it suffices to estimate ||^i||(70(M)- Suppose, by contradiction, 
that U-^ , ^< <n+2Mp is not bounded in C^{M). This means that there 

exist 1 + e <pi < and Uj G Mp- with 

maxMj ^ oo as z — !■ oo. 

M 

From Theorem 17 . 21 we know that this is only possible if 

Now Theorem 17.21 implies that, after possibly passing to a subse- 
quence, Ui has N isolated simple blow-up points x-^-* — x^^\ . . . , x-^^ — 
x^^\ for some integer N. 

Define Wi{x) = Ui{x[^^)ui{x). We can suppose, for example, that 

Ui{x\^^) = min{uj(xP), . . . ,Ui{x\^^)} for ah i. 
Prop osition 14 ■ 51 then implies that there exists p,c> such that 

(7.1) Wi{x) < cd(x,xpV~" when d(x,xp^) < p, 1 < j < N. 

On the other hand, we know that the sequence Uj is uniformly 
bounded in M \ ujZi Be (x^-^^^), since there is no blowup point in that 
region. Then the Harnack inequality implies Wi is uniformly bounded 
in M \ U^~^-Bp (a;^-^^). This and inequality ()7.1|) imply, after passing to 
a subsequence, 

N 

Ui{xf'')ui{x) h{x) = '^ajG^ij){x) + b{x) 

i=i 

in Cf^^{M\ . . . , x*^^-*}), where ai,...,aN are nonnegative con- 

stants, G^(]) is the Green function of the conformal Laplacian with pole 
at x^-'-' and 6(x) is a regular function satisfying Lg{h) = in M. Note 
that, since the first eigenvalue of the conformal Laplacian Lg is positive, 

Since the Green functions considered are positive and oi > because 
of the Corollary 14.61 we obtain the following expansion ( [Tj ) : 

h{x) =ad(x,x(^))^~" + A + 0(r), for 4 < n < 6 

or 

h{x) = ad(x,x^^^)^"" - cR:ijXiXjr~^ + A + 0{r), for n = 7. 
The Positive Mass Theorem asserts that A > 0. 
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We want to compute the limit 

liminf P'{r, h). 

Since r^^" is harmonic, definition (|6.9() gives 

(7.2) P'{r, h) = Jj^i^J-ln^aylri-" + 0{T^~^)]dar. 

When n = 7, we use symmetry and the fact that Ai?(0) = — g|VF(0)p = 
0. 

Then 

in - 2)^ 

hminf P'(r,/i) = --^ — —^aAan-i < 0, 

r— >0 2 

by the Positive Mass Theorem. 

This contradicts Theorem 16 . 21 and it finishes the proof. 

q.e.d. 
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